Abstract. In this paper we will define notion homotopy of morphisms of crossed modules of Lie algebras. Then we construct a groupoid structure of Lie crossed module morphisms and their homotopies.
In this section, we recall the definition of crossed modules of Lie algebras given by Kassel and Loday [4] .
Let M and P be two Lie algebras. By an action of P on M we mean a bilinear map
for all m, m ′ ∈ M , p, p ′ ∈ P. For instance, if P is a subalgebra of some Lie algebra Q (including possibly the case P = Q),and if M is an ideal in Q, then Lie bracket in Q yields an action of P on M.
A crossed module of Lie algebras is a Lie homomorphism ∂ : M −→ P together with an action of P on M such that for all m, m ′ ∈ M , p ∈ P
CM1) ∂(p · m) = [p, ∂(m)]
and
The last condition is called the Peiffer identity. We denote such a crossed module by P = (M, P, ∂).
A morphism of crossed modules of Lie algebras from P = (M, P, ∂) to
is a pair of Lie algebra morphisms,
Therefore we can define the category of Lie crossed modules denoting it as LXmod.
2.1. Examples. 1. Let I be any ideal of a Lie algebra P . Consider an inclusion map inc : I −→ P.
Then (I, P, inc) is a crossed module. Conversely given any crossed module ∂ : M −→ P , one can easily verify that ∂M = I is an ideal in P . 2. Let M be any R-bimodule. It can be consider as an R-algebra with zero multiplication, and then
Conversely, given any crossed module ∂ : C −→ R, then Ker∂ is an R/∂C-module.
Homotopies of Lie crossed module morphisms
Whitehead in [6] explored homotopies of morphisms of his "homotopy systems" and this was put in the general context of crossed complexes of groupoids by Brown and Higgins in [1] . In this section we define notion of homotopy for morphisms of crossed modules of Lie algebras. Definition 3.1. Let P = (M, P, ∂) and P ′ = (M ′ , P ′ , ∂ ′ ) be crossed modules of Lie algebras, f = (f 1 , f 0 ) and g = (g 1 , g 0 ) be crossed module morphisms P −→ P ′ . If there is a linear map d :
for m ∈ M and p ∈ P, then we say that d is a homotopy connecting f to g and we
is called an f 0 -derivation .
Thus g 0 is a Lie algebra morphism. For m, m ′ ∈ M ,
thus g 1 is a Lie algebra morphism.
Proposition 3.5. For p ∈ P and m ∈ M,
Proof.
Thus by the above propositions, we can give the following theorem. Corollary 3.7. Let P = (M, P, ∂) and P ′ = (M ′ , P ′ , ∂ ′ ) be crossed modules of Lie algebras and f = (f 1 , f 0 ), g = (g 1 , g 0 ) be crossed module morphisms P −→ P ′ . Then the f 0 -derivation
is a homotopy connecting f to g.
Groupoid Structure for Crossed module morphisms and their homotopies
In this section we construct a groupoid structure whose objects are the crossed module morphisms P −→ P ′ , with morphisms being the homotopies between them.
Lemma 4.1. Let P = (M, P, ∂) and
be crossed modules of Lie algebras and f = (f 1 , f 0 ) be a crossed module morphism P −→ P ′ . Then the null function 0 :
Proof. Since d is an f 0 derivation connecting f to g, we have
Moreover d is a g 0 derivation, since: 
Proof. We know that f
Let us see that d + d ′ satisfies the condition for it to be an f 0 derivation:
for all p, p ′ ∈ P. Therefore (d + d ′ ) is an f 0 derivation connecting f to h.
Theorem 4.4. Let P and P ′ be two arbitrary crossed modules of Lie algebras. We have a groupoid HOM (P, P ′ ), whose objects are the crossed module morphisms P −→ P ′ , the morphisms being their homotopies. In particular the relation below, for crossed module morphisms P −→ P ′ , is an equivalence relation:
"f ≃ g ⇔ there exists an f 0 derivation d connecting f to g".
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